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On Classical Ferromagnets with a
Complex External Field
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We prove analyticity properties of correlation functions using correlation in-
equalities.
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1. INTRODUCTION

In this note we prove analyticity properties of the correlation functions in
the external magnetic field 4 for some ferromagnetic one-component mod-
els, provided |[Re#|> [Im#|. Our proof is closely related to the work of
Dunlop‘” and is a simple consequence of our extension of the correlation
inequalities of Ginibre,(? which we used to study the translation invariant
states of the planar rotor model.’¥ Our results hold in particular for the
Ising model. In this case Lebowitz and Penrose proved stronger results,
valid for |[Reh| > 0.4 We also show that the infinite volume limit of a state
constructed with a boundary field A, > 0 is independent of the magnitude
of h, and hence equal to the state obtained from + boundary condition.
This result was already proved by Lebowitz for the Ising model.®

Some of our results, as well as other applications on the absence of
symmetry breakdown of continuous symmetry in two-dimensional models,
were announced in Ref. 6.
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2. BASIC INEQUALITIES

The main results of this section are the inequalities (2.16) and (2.17).
They are summarized at the end of the section. We first consider the Ising
model. Let A be a finite set. For each x € A we have a spin variable s(x).
In the absence of interactions the spins are independent random variables
and s(x) is distributed according to the probability measure

dp(s(x)) = £[8(s(x) + 1) + 8(s(x) = 1)] eR))
We introduce an external magnetic field A(x) and ferromagnetic interac-
tions described by a two-body potential J(x, y) > 0. Hence the Gibbs
measure is given by the expression

27 (e B I @)+ 5 heogs(o) T as(s(0)
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where the inverse temperature is equal to one and Z({A(x)}) is the
partition function. Expectation values with respect to the measure (2.2) are
denoted by (- >({A(x)}). In order to study the correlation functions

(I s) ((hex)), Aca (23)
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with complex external field #(x) we introduce another copy of our system
with the external field A(x) and we consider the product

(ILs) (reop{ Ts) (F) @4

xXEA

We now define new variables by the relations
3(s(x) + 5'(x)) = cosf(x), 3(s(x) — s'(x)) =sinf(x) (2.5)
In our particular case 8(x) = k(w/2), k =0,1,2,3. We notice that

s(x)s'(x) = cos™(x) — sin’f(x) = cos 26/(x) (2.6)
and for Reh(x) = A (x) > [Imh(x)| = |hy(x)]
h(x)s(x) + h(x)'(x)

= (X)(5() + (X)) + ih(x)(5(2) ~ 5 (1))

= 2h(x)cosB(x) + 2ih,(x)sinf(x)

= 2k(x)[ chA(x)cosf(x) + ishA(x)sinf(x) ]

= 2k(x)cos[ f(x) + iA(x)] (2.7)
where k(x) >0 and k*(x) = hi(x) — h3(x). Using the variables #(x) the



On Classical Ferromagnets 281

product of the correlation functions in (2.4) can be written as the expecta-
tion value of

[T cos26(x) (2.8)
xEA

with respect to the Gibbs measure of a Z, model, whose Boltzmann fac-
tor is

exp{ > 2J(x, p)eos[B(x)— B(y)] + > 2k(x)cos[B(x) + i)\(x)}}
{xy}CcA xEA
(2.9)

Using Proposition 1 of Ref. 3 we find that the expectation value of (2.8)
decreases if we set A(x) =0 in (2.9). Therefore we get the inequality

(ILse) (reon)>( Ms) (kD @10)

x€A
Similarly we have for the partition function

[Z({R()DI > Z({k(x)}) (2.11)
which implies the result of Dunlop on the zeros of partition functions.("
Our results are of course valid for any distribution du(s) for which we
can apply the method of Griffiths.” In such a case one can express s(x) as
a sum of Ising variables o,(x)= £1,i=1,..., N as

N
s(x) = ;1 0;(x) (2.12)

and the probability that s(x) = £, computed with respect to du(s), is equal
to

epoa,j ,]> (a > epoa 0,0, (2.13)

where a; > 0. Introducing the variables

tlo(x) —o/(x)] =cosb(x),  }[oi(x)+ of(x)] =sinb(x) (2.14)
and using
s(x)s'(x) = 2 cos 28,(x) + >, 2cos[ 6,(x) + H(x)] (2.15)
i>j

we can prove as before the inequality

( ILseom)

V\xe4
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where m(x) are arbitrary positive integers. Similarly

1Z({h() DI > Z({k(x)}) (2.17)
By a limiting procedure we see that we can take for du(s)
dp(s) = Xg-11(5) s (2.18)

Our results are also valid for the class of measures du(s) considered by
Dunlop in Ref. 1. In this class we have for example the measures

du(s) = exp(—Nes® — Ags* — Ay5%) ds (2.19)
with Ag > 0, A4, > 0, and A, real and
dp(s) = exp[ —ks™ + P(s)]ds (2.20)

with P(s) any even polynomial with positive coefficients, 2n > deg P and
k > 0. Letting n going to infinity we get the measure

du(s) = x; -y (s)exp[ P(s) | ds (2:21)

[Notice that the case (2.19) with A; = 0 can be obtained with the method of
Griffiths.(®] Indeed if we introduce

[s(x) + 5'(x)] = r(x)cosf(x) (2.22)

[s(x) - s’(x)} = r(x)sinf(x) (2.23)

Sl -

then
s(x)s'(x) = $[ r(x)]’cos28(x) (2.24)
and in the case (2.19)
du(s)dp(s") = exp( —Agr® — Ayg® — A, r?
(s)du(s’) ( 6 4 2 ) (2.25)
exp[cosz29( Nt + %A6r6)]rdr do

From this we get again (2.16) and (2.17) using a straightforward extension
of Proposition 1 of Ref. 3 (see the discussion of Model 2 in Ref. 2). The
case (2.20) is obtained using the results of Dunlop." Instead of using the
variables 7(x), one used new variables 7(x), defined by

s(x)?"+ §'(x)*"= 7(x)*" (2.26)
The variable 7 can be expressed as
n-2 k+ D7
=" I] |1 - cos? (————)— cos?28 (227)
k=0 2n

k even
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or

—1/2n
, (k+1)m /
0OS

n—2
r=r kgo l—c 55 cos?26 (2.28)

k even

Therefore r can be expanded in a power series of the variable cos28 with
positive coefficients.
Finally we prove the following inequalities for Res > |Im Al:

Re(s(x)a({r(x)}) > Ss(xPa({A()}) (2.29)
Re(s(x)s(yoa({h(x)}) = {s(x)s(ya({k(x)}) (2.30)
with k(x) > 0, k*(x) = [Re h(x)] — [Im A(x), and
Reds(x)a({A(x)}) > [Imls(x)A({A(x)})] (2:31)
For example, in the Ising model (2.31) follows from
cos[ B(x) + in(x) Pa({A(x))}) > (cosO(x)A({k(x)}))  (2.32)
in the duplicated system. But the left-hand side of (2.32) is equal to
chy(x)Rels(x)>4({h(x)}) — shn()Im{s(x)A({h(x)}) (2.33)
Dividing by chn(x) and letting n(x)—> * oo we get the result (2.31). By

taking n(x) = 0 we obtain (2.29). Inequalities (2.31) and the positivity of the
left-hand side of (2.29) and (2.30) have already been proved by Dunlop.””

SUMMARY

We have proved for a large class of ferromagnetic one-component spin
systems with two-body interactions, including all models with a priori
measures given by (2.13), (2.19), and (2.21), that the correlation functions,
and the partition functions, with a complex external magnetic field A{x),
[Reh(x)| > [Im h(x)|, satisfy the inequalities

( ILse) ()| > ILsm) (k) @34

and,

[Z({h()DI> Z({k(x)}) (2:35)
respectively, k(x) > 0, k*(x) = [Re h(x)]* — [Im h(x)]-

3. APPLICATIONS

In this section A is a finite subset of the lattice Z¢ and we assume that
J(x, y)=J(x ~ y) > 0 is translation invariant and 3 J(x) < co. We also
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assume that the partition functions and the correlation functions are well
defined for all A and all real magnetic fields A(x).
In our first application we want to give a short proof that

tim ( I [501™) o ={ I [s0]")m 31y

ATZd xEA
is an analytic function of the external field A(x)=h for |Reh| > [ImA]
provided (2.34) and (2.35) are valid. Indeed, since we have free boundary
conditions we know, by standard arguments using correlation inequalities,
that the limit (3.1) exists and is positive if 4 is positive. Therefore if
h€ Gy={heC:0<Reh < hy, Reh > |Imh|}, then

= 1
sh) Teeal s() 1™ 5(R)

is analytic in Gy and from (2.34) we see that there exists a constant M such
that

(32)

lga(W) < M, allA, he G, (3.3)

The theorem of Vitali ensures that lim,;.g,(h) = g(h) exists and defines an
analytic function of 4 in G,. Since g,(h)+0 in G, and g(h) >0 for
h € Gy, N R, we have by Hurwitz theorem that g(h) # 0 for h € G,. This
implies that

im s(x)]7™™ =L .
fim {11 [5(0]™) (=5 G4

is analytic for & € G,. The case with Res < 0 is obtained by symmetry.
Obviously the proof is valid for other boundary conditions provided we
know the existence of the limit (3.1) for & real.

In our second application we consider only bounded spins with finite
range interactions and constant external field # > 0. Without restricting the
generality we suppose that

sup{s:sEsupp p} =1 (3.5)
and the existence of R > 1 such that
J(x)>0 it |x]=1 and J(x)=0 if |x|>R (3.6)
Here |x|> = 29_,|x,)%. For any finite set A C Z* we define
OgA = {x € A :dist(x,Z\A) < R} (3.7
The + boundary condition for the system in A is defined as usual by

setting s(x)= +1 for all x & A. Equivalently we take free boundary
condition and we add a boundary external field acting on x € 0zA,

hy(x)= 2 J(x =) (3.8)

YEA
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The existence of the thermodynamic limit for the + boundary condition is
a well-known fact. We define a new boundary condition by replacing the
boundary field (3.8) by the boundary field

hy(x) =A>0, X € 0xA (3.9)
with A arbitrarily small. We claim that the infinite volume equilibrium state

{ - Y obtained from the boundary condition (3.9) is equal to the state { - >*
obtained from + boundary condition. Indeed, if

AEG=[AEC:0<Re) ReA > [ImA|} (3.10)

we have for

— 1
8N = T SO (3.11)
and

A) = 1 3.12
W= T o 42

the bounds

eI <L )< (3-13)

as consequences of (2.29) and (2.30). From the inequalities of Griffiths and
for real A > 3, J(x) we have

}\iTI;d@(x»?‘: {s(x)™ (3.14)
and
im {s{x)s§ A= (s(x)s + .
lim (s()s()h= (s () (.15

Using the theorems of Vitali and Hurwitz as in the first application we get
that lim . (s(x)»\ = (s(x)>" exists and is analytic in A € G, hence is equal to
s(x)>* for A >0. Similarly {(s(x)s())>* = {(s(x)s(y)>* if A>0. Our
assumption (3.6) implies that

{s(x)s(ypT >0, |x—yl=1 (3.16)
From this and the preceding results we obtain using the inequalities of
Lebowitz('® that (- >* = (- Y. [We use (3.16) if (s(x)>* =0, in order to

prove that all odd correlation functions are zero and all even correlation
functions are equal to those of (- >%.]

Remark. Our second application concerning the boundary field is
also valid for the planar rotor model since Dunlop proved in Ref. 9 the
inequalities

Redcos@(x)pa({h(x)}) > 0 (3.17)
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and
Re<cos[0(x) + 0(y)]>A({h(x)}) >0 (3.18)
valid for Rek(x) > [ImA(x)|, where i(x) is an external field
— > h(x)cosf(x) (3.19)

By arguing as above the result follows then from Ref. 3, which contains the
generalization of Ref. 10 for this model.
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